All classes of spatially homogeneous space-time models are found that allow the integration of the equations of motion of test particles and the eikonal equation by the method of complete separation of variables according to type (2.1). Four classes of model data are obtained. The resulting models can be applied in any modified metric theories of gravity. Two of the above models allow solutions of the Einstein equations with a cosmological constant and radiation. For the models of a spatially homogeneous Universe with a cosmological constant and radiation obtained in Einstein's theory of gravity, the Hamilton-Jacobi equations of motion of the test particles and the eikonal equation for radiation are integrated by the method of separation of variables.
Introduction
As you know, spatially homogeneous models of space-time play a big role in building realistic models for the development of the Universe in any metric theory of gravitation. One of the important tools for studying such models is the study of geodetic lines in these spaces, including isotropic (light) ones. From this point of view, in the study of spatially homogeneous models of interest are the possibilities of analytical integration in these models of the eikonal equation and the equation of test particle motion in the Hamilton-Jacobi formalism by the method of variables separation. Hamilton-Jacobi equation of the test particles in a gravitational field has the form:
-action function of the test particle, ij g -metric of space-time, m -mass of the test particle.
To avoid further confusion, we note that except for a capital letter S we will also use a lowercase letter to indicate action function s to denote the space-time interval. The equation for radiation in a gravitational field has the form: Spaces that allow the existence of coordinate systems (CS) in which the Hamilton-Jacobi equations of the test particles in the form (1) are integrated by the method of complete separation of variables are called Stäckel (in honor of Paul Stäckel, see [1, 2] ).
Spaces admitting a complete separation of variables in the eikonal equation (2) are called conformal Stäckel spaces (SS).
According to the general theory of Stäckel spaces developed by V.N. Shapovalov [3, 4] , these spaces determined by the so-called "complete set" of Killing fields, consisting of the second rank Killing vectors and Killing tensors corresponding to a set of integrals of motion of test particles and meeting some algebraic conditions. A brief description of the main results of the Stäckel spaces theory can be found in [5] .
The resulting spatially homogeneous models that allow integration of the eikonal equation (radiation) and the equation of test particles motion (dust matter) are of interest both for Einstein's classical theory of gravity and for other modified metric theories of gravity [6, 7, 8] , including a comparative analysis of these models behavior in various modified theories of gravity.
In this work we will consider Stäckel spaces of type (2.1) admitting two Killing commuting vectors in the "complete set", therefore, in a privileged CS (where the separation of variables is allowed), the metric of the Stäckel space of type (2.1) can be written so that it depends only on two variables -0 x and 1 x :  are the solutions of ordinary differential equations: 
Classes of the spatially homogeneous Stäckel spaces (SS) models (2.1)
When isolating spatially homogeneous models from the family of Stäckel spaces of type (2.1), we assume that the number of pairwise commuting Killing vectors of the considered models remain equal to two so that the metric in a privileged CS depends on two non-ignored variables, and commuting Killing vectors 0 X and 1 X from the complete set of SS (2.1) can be represented as: 01 (0, 0, 0,1), (0, 0,1, 0). ii XX  (7) Note that the vector 0 X is isotropic, and the vector 1 X -spatially similar.
Additional two Killing vectors providing spatial homogeneity of models have the form:
The models under consideration, that allow the dependence of the metric on one of the non-ignored variables in the privileged CS only through the conformal factor, are assigned by us to the subtype B, in contrast to those where there is a dependence on both non-ignored variables are assigned by us to the subtype A. Models of type B refer to the intersection of the Stäckel space of type (2.1) and the set of conformal-Stäckel spaces of type (3.1) considered earlier in [9] .
Spaces that allow the integration of the equations of the test particles motion by the method of the complete separation of variables in the Hamilton-Jacobi formalism make it possible to construct precisely integrable gravitational models both in Einstein's theory and in the modified theories of gravity with different types of matter [10] - [20] .
For each A model type under consideration, the integration of the Einstein equations with the cosmological constant  and the energy-momentum tensor of pure radiation with the energy density  and wave vector k l will be carried out below:
For models that correspond to Einstein's equations (9) , the eikonal equation and the equation of test particles motion in the Hamilton-Jacobi form will also be integrated below.
Model A.1 spatially homogeneous SS (2.1)
For this class of the spatially homogeneous SS(2.1) we have:
The metric and additional Killing vectors of the considered model can be written in the form:
Where  is a constant parameter of the model.
For the space-time interval, we have:
Killing vector commutators of model A.1 have the form:
,, X X X -the vector of the subgroup of spatial homogeneity. Sign-definiteness of the metric on the orbits of the spatial homogeneity subgroup imposes restrictions on the range of permissible values of the coordinates used: 
For metric (11), Einstein's equations (9) lead to the condition 0   , therefore, there are no field equations solutions for the model A.1.
For this class of the spatially homogeneous SS(2.1) we have: 
Where  is a constant parameter of the model. (1
The space-time interval has the form: (15) gives the following result:
Thus we obtain a spatially homogeneous Universe with the cosmological constant  filled with radiation with energy density  and wave vector We integrate Hamilton-Jacobi equations (5) -(6) for the metric (15) and obtain the explicit form of the function S for the test particle action (4) 
In the particular case when the constant of the test particle motion q vanishes, for the particle action function we get S mz  -the motion of a particle with a constant momentum along the coordinate z .
Model A.3 spatially homogeneous SS (2.1)
The model belongs to the type III according to the Bianchi classification and type N according to the Petrov classification.
Solving the Einstein equations (9) for the metric (25), we obtain: 
Integration of the Hamilton-Jacobi equation and the eikonal equation for the model A.3 (harmonic functions in the metric)
Integrating the Hamilton-Jacobi equation for 1  т (harmonic functions 1 x in the metric), we obtain for the function of the action of the test particles (4) when 0 q  : 
In the degenerate case when 0 q  from the equations of the test particle motion follows the condition 0 pr  (since the function 
Integration of the Hamilton-Jacobi equation and the eikonal equation for the model A.3 (hyperbolic functions in the metric)
Integrating the Hamilton-Jacobi equation for , 0, , 0, 
(41) Sign-definiteness of the metric on the orbits of the spatial homogeneity subgroup impose restrictions on the range of permissible values of the coordinates used: There are no solutions of the Einstein equations with pure radiation (9) for the model A.4 with metric (39).
Conclusion
In this work, we classified spatially homogeneous space-time models that allow the existence of privileged coordinate systems for which the equation of test particles motion in the Hamilton-Jacobi form and the eikonal equation allow accurate integration by the method of complete separation of variables according to the type (2.1). The classification does not include subsets of spaces related to conformal-Stäckel spaces of type (3.1), which we obtained earlier in [6] . In total, 4 models of the type under consideration were obtained, which exhaust the classification.
All obtained models are of type III according to the Bianchi classification. Model A.4 refers to the type D according to Petrov's classification, the remaining models are of type N according to Petrov. Model A.4 refers to wave-like models, i.e. to the space-time models which metrics in a privileged coordinate system (where the separation of variables is possible) depend on the isotropic wave variable.
The obtained models can be applied not only in Einstein's theory of gravity but also in other modified metric theories of gravity.
The obtained space-time models allow two exact solutions of the Einstein equations with the cosmological constant and the energy-momentum tensor of pure radiation, which are obtained explicitly (for two models, A.1 and A.4, there are no solutions to the Einstein equations with pure radiation).
For the obtained spatially homogeneous models of the Universe with radiation and the cosmological constant, an explicit form of the eikonal function and the form of complete integrals for the action function of test particles were found.
